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Every simplest potential conservation law of any (1 + l)-dimensional linear evo- 
lution equation of even order proves induced by a local conservation law of the 
same equation. This claim is true also for linear simplest potential conservation 
laws of (1 + l)-dimensional linear evolution equations of odd order, which are 
related to linear potential systems. We also derive an effective criterion for 
checking whether a quadratic conservation law of a simplest linear potential 
system is a purely potential conservation law of a (1 + l)-dimensional linear 
evolution equation of odd order. 



1 Introduction 

The notion of potential conservation laws arises as a natural generalization of 
the notion of local conservation laws of differential equations. We call a potential 
conservation law any local conservation law of a potential system constructed from 
a given system S of differential equations via introducing potentials by using local 
conservation laws of S |13] . This term first appeared in [1] . Potential conservation 
laws may be trivial in the sense that they induced by local conservation laws of the 
initial system [8] 113] . The idea of iterative introduction of potentials by using local 
conservation laws of a potential system obtained on the previous step was first 
suggested in the famous paper [T7] and later formalized in the form of the notion of 
universal Abelian covering of differential equations [6]lll]ll6]. Although potential 
conservation laws of differential equations are interesting and important objects 
for study within the framework of symmetry analysis, nontrivial and complete 
results on such conservation laws were obtained only for a few classes of differential 
equations. See related reviews and references in [3 , 81113] . 

As a generalization of similar results from [13] for the linear heat equation, 
it was proved in [14] that all potential conservation laws of (1 + l)-dimensional 
linear second-order evolution equations are trivial. Local conservation laws of 
these equations are well understood. More precisely their spaces of the local 
conservation laws consist of linear conservation laws the characteristics of which 
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depend only upon independent variables and are solutions of the corresponding 
adjoint equations. This finally solves the problem on potential conservation laws 
for these equations. 

In the present paper we extend results from p3] onto simplest potential conser- 
vation laws (i.e. those which involve only single potentials) of (1 + l)-dimensional 
linear second-order evolution equations to the case of an arbitrary order. The ex- 
tension to equations of even order is quite direct and exhaustive. In the case of odd 
order we restrict our consideration with simplest potential systems constructed 
by linear conservation laws. 

Consider an arbitrary linear evolution equation of order n in the two indepen- 
dent variables t and x and the dependent variable u, 

n 

u t = y £ j A i u i , (1) 

i=0 

where A 1 = A l (t,x) are arbitrary smooth functions, A n ^ 0, n S {2,3,4,... }, 
u t = du/dt, U{ = d l u/dx l , i = 1, . . . , n, Uo = u (i.e., the function u is assumed to 
be its zeroth-order derivative). We also employ, depending upon convenience or 
necessity, the following notation: u x = m, u xx = U2 and u xxx = U3. D t and D x 
are the operators of total differentiation with respect to the variables t and x, re- 
spectively, and Div denotes the total divergence, Div V = DfF+D x G for the tuple 
V = (F, G) of differential functions F and G. See |12pi4j for other related notions. 

Our paper is organized as follows: In the next section we briefly overview 
results of |15j on local conservation laws of equations from class ([1]) and extend 
the simplest potential frame, constructed in |14| for (1 + l)-dimensional linear 
evolution equations of order two, to the case of an arbitrary order. The same 
extension of dual Darboux transformations is carried out in Section [3l Simplest 
potential conservation laws of (1 + l)-dimensional linear evolution equations of 
even and odd order are studied in Sections H] and [5j respectively. In the conclusion 
we discuss the results obtained and related problems which are still open. 

2 Local conservation laws and simplest 
potential frame 

It is well known that any linear partial differential equation £ admits cosym- 
metries which are functions of independent variables only and are solutions of 
the corresponding adjoint equation and every solution of is a cosymmetry. 
Moreover any such cosymmetry is a characteristic of a conservation law of C which 
contains a conserved vector linear in the dependent variable and its derivatives, 
cf. [5]. Following |12t Section 5.3] we call the conservation laws of this kind linear. 

It turns out that for any linear (1 + l)-dimensional evolution equation of even 
order its space of conservation laws is exhausted by linear ones and therefore 
is isomorphic to the solution space of the corresponding adjoint equation [15J. 
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In other words any cosymmetry of (pQ) does not depend upon derivatives of u, and 
a function a = a(t, x) is a cosymmetry of ([1]) if and only if it is a solution of the 
adjoint equation 

n 

a 4 + ^(-17(^ = 0. (2) 

i=0 

Any such cosymmetry is a characteristic of a linear conservation law for ([I]) with 
the canonical conserved vector V = (F,G), where 

n-1 

F = au, G = Y^ (3) 

i=0 

and the coefficients a 1 = o~ l (t,x) are found recursively from the relations 

a n - 1 = -aA n , a i = -aA i+1 - oj +1 , » = n-2,...,0. (4) 

For any linear (1 + l)-dimensional evolution equation of odd order the space 
of its conservation laws is spanned by linear and quadratic conservation laws [15] . 
There exist both such equations possessing infinite series of quadratic conservation 
laws of arbitrarily high orders and ones having no quadratic conservation laws. 
For all the formulas and claims obtained for equations of even order to be correct 
in the case of odd order it is necessary to restrict the consideration with lin- 
ear local conservation laws, associated (linear) potential systems and their linear 
conservation laws. 

Following the presentation of Section 7 of |14j we investigate certain objects 
related to simplest potential systems of ((T|), i.e. potential systems associated with 
single local conservation laws [13] . The theory of Darboux transformations for 
linear evolution equations [10] is strongly employed for this. A detailed study 
of the simplest potential systems is necessary for understanding the general case 
since such systems are components of more general potential systems. 

Introducing the potential v by the nontrivial canonical conserved vector ([3]) 
associated with the characteristic a = a(t, x) ^ 0, we obtain the potential system 



n-1 
i=0 



vt = -y^^uj. (5) 



The initial equation ([T]) for u is a differential consequence of system ([5]). An- 
other differential consequence of ([!]) is the equation 



n-1 



i=0 



on the potential dependent variable v, which is called the potential equation associ- 
ated with the linear evolution equation ([1]) and the characteristic a. There is a one- 
to-one correspondence between solutions of the potential system and the potential 
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equation due to the projection (u, v) — > v on the one hand and due to the formula 
u = v x/oi on the other, cf. |14j . The correspondence between solutions of the initial 
equation and the potential system is one-to-one only up to a constant summand. 

It is convenient to use another dependent variable w = ipv instead of v in our 
further considerations, where we introduce the notation ip = 1/a. The function w 
is called the modified potential associated with the characteristic a = After 
being written in terms of w and ip instead of v and a, the potential system © 
and the potential equation ([6]) take the form 

w x -w = u, w t -w = -ip 2_^a Ui (7) 

^ ^ i=0 

and 

Wt = -i^(w x -^w) +tl w =:J2B i w i , (8) 
respectively. Here 

n-1 



n-1 



, . . . , -L, 



3=0 

In particular B n = A n and B"" 1 = A n ~ l - A™. System © and equation © 
are called the modified potential system and the modified potential equation as- 
sociated with the characteristic a. These representations of the potential system 
and potential equation are more suitable for the study within the framework of 
symmetry analysis. 

As the function v = 1 obviously is a solution of © and therefore the function 
w = ij) is a solution of ©, the first equation of © in fact represents the Darboux 
transformation [TJHU] of © to ©. 



3 Dual Darboux transformation 

The remarkable fact that Darboux covariance holds for (1 + l)-dimensional linear 
evolution equations of arbitrary order was first established in [9] (see also |10| 
p. 17]). In contrast to the previous section for the coherent presentation we 
assume below that the initial object of the consideration is the equation ©, 



n 

w t = y~]B i wj, 

i=0 



(9) 
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which is interpreted as an arbitrary representative of the class of linear evolution 
equations. 

Denote by DT[<^] the Darboux transformation constructed with a nonzero so- 
lution (p of (|9]), i.e., 

DT[(p](w) =w x - —w. 

tp 

The Darboux transformation possesses the useful property of duality. We formu- 
late this in the same way as in p3], which is slightly different from [It), Section 2.4]. 

Lemma 1. Let w° be a fixed nonzero solution of (J9j) and let the Darboux trans- 
formation DT[u;°] map ^ to equation (pQ). Then a = l/w° is a solution of the 
equation ([2]) adjoint to equation ([1]) and DT [a ] maps ([2]) to the equation adjoint 
to ©, i.e., 

n 

U t = ^2 Aiu i 
i=0 

n 

i=0 i=0 

Remark 1. Similarly to |14] the Darboux transformation DT[a°] is called the dual 
to the Darboux transformation DT[u) ]. Since the twice adjoint equation coincides 
with the initial equation, the twice dual Darboux transformation is nothing but 
the initial Darboux transformation. This implies that 'then' in Lemma [T] can be 
replaced by 'if and only if. 

Remark 2. The Darboux transformation DT[w°] from Lemma [1] is a linear map- 
ping of the solution space of Q to the solution space of ([1]). The kernel of this 
mapping coincides with the linear span (u>°). Its image is the whole solution space 
of ([TJ. Indeed for any solution u of ([TJ we can find a solution w of ([9]), mapped 
to u, by integrating system (|7|) with respect to w. By the Frobenius theorem 
system (J7|) is compatible in view of equation (pQ). Therefore DT[w°] generates a 
one-to-one linear mapping between the solution space of Q, factorized by {w°), 
and the solution space of ([I]). 

In the case of even order n Lemma [T] jointly with Remark[2]can be reformulated 
in terms of characteristics of conservation laws. Denote equations ([T]) and ([9]), 
where n E 2N, by C and C for convenience. 

Lemma 2. If w° is a nonzero solution of C and DT[w°](£) = C, then a = 
1/uP is a characteristic of C and the Darboux transformation DT[a°] maps the 
characteristic space of C onto the characteristic space of C 



— wt = 2_^, B 
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Proposition 1. Let w° be a fixed nonzero solution of Q and let the Darboux 
transformation DT[w°] map ([9]) to equation (JT]). Then the operator associated 
with DT[u>°] is a splitting operator for the pair of operators associated with equa- 
tions ([!]) and (|9|), i.e., 



4 Simplest potential conservation laws: even order 

If a potential system is constructed by introducing a potential v with a single local 
conservation law of ([1]), each of its local conservation laws is a simplest potential 
conservation law of ([I]), cf. |13| . We say that a simplest potential conservation law 
T of dU) is induced by a local conservation law T of ([T]) if T contains a conserved 
vector which is the pullback of a conserved vector from T with respect to the 
projection 

w. J°°(t,x\ u,v) -4 J°°(t,x\ u), 

where J°°(t,x \ u, v) (resp. J°°(t,x\u)) denotes the jet space with the indepen- 
dent variables t and x and the dependent variables u and v (resp. the dependent 
variable u). In view of Proposition 2 from [8] this is equivalent to that the con- 
servation law T contains a conserved vectors depending upon t, x and derivatives 
of u. 

Theorem 1. Every simplest potential conservation law of any (1 + 1) -dimensional 
linear evolution equation of even order is induced by a local conservation law of 
the same equation. 

Proof. Potentials v and v introduced with equivalent conserved vectors are con- 
nected by the transformation v = v + f[u], where f[u] is a function of t, x and 
derivatives of u. This transformation preserves the property of inducing simplest 
potential conservation laws by local ones. Therefore exhaustively to investigate 
simplest potential conservation laws of equations from the class ([1]) with even n it 
is sufficient to study local conservation laws of potential systems of the form ([5]) 
associated with canonical conserved vectors of the form (J3|). 

We fix an equation from the class ([I]) and its characteristic a and consider the 
corresponding potential system ([5]). As the usual potential v is connected with the 
modified potential w via a point transformation, we can investigate conservation 
laws of the modified potential system ([7]) instead of (J5]). Up to equivalence of 
conserved vectors on the solution set of ([7]), we can exclude derivatives of u from 
any conserved vector of ([7]). In other words each local conservation law T of the 
modified potential system (|7|) contains a conserved vector depending solely on t, 
x and derivatives of w and therefore is induced by a local conservation law of the 
modified potential equation ©. 
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As equation ([8]) also is a (1 + l)-dimensional linear evolution equation of even 
order as the initial equation, its space of conservation laws is exhausted by linear 
conservation laws, cf. the discussion in the beginning of Section [2j An arbitrary 
characteristic /3 of ([8j depends only upon t and x and satisfies the equation adjoint 
to (JHJ). In view of Lemma [2] there exists a characteristic a of (JTJ) such that 
P = DT[a]6. 

The conserved vectors V 1 and V 2 of the modified potential system ([7]), which 
are the pullbacks of the canonical conserved vectors of the initial equation ([T]) and 
the modified potential equation ([8]), associated with the characteristic a and (3, 
respectively, are equivalent. Indeed the sum of the densities of V 2 and V 1 is 

f3w + au = [a x — — o^jw + at(w x H — -wj = D x {aw). 

Denote by V° the trivial conserved vector (— D x (aw), Dt(aw)). The conserved 
vector V° + V 1 + V 2 of the system (|7|) has zero density and therefore is a trivial 
conserved vector. (In fact the conserved vector V° + V 1 + V 2 equals zero.) This 
means that the conserved vectors — V 1 and V 2 are equivalent. 

In summary we prove that any simplest potential conservation law of equa- 
tion ([1]) contains a conserved vector which is the pullback of a local conserved 
vector of (pQ). ■ 

Remark 3. The explicit construction of a local conserved vector which is equiv- 
alent to V 2 in the end of the proof can be replaced by arguments based on the 
criterion of induction of potential conservation laws by local ones, cf. Proposition 8 
from [8]. Indeed the canonical conserved vector of the modified potential equa- 
tion ([Sj) , which is the trivial projection of V 2 , is associated with the characteristic 
/3 = f3(t,x). This is why 



for some differential function $ of u and v for which the precise expression is 
not essential. (It is a linear function in derivatives of u and v with coefficients 
depending upon t and x.) In other words the conserved vector V 2 belongs to the 
conservation law T of the potential system ([S} with the characteristic having the 
components 




n 



i=0 




n-1 



n-1 




n-1 



and ^(-DxOW/?)- 
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This characteristic is completely reduced since it does not depend upon derivatives 
of u and v. In particular it does not depend upon v. In view of Proposition 8 
from [8], the associated local conservation law T of the potential system ([5]) is 
induced by a local conservation law of the initial equation (pQ). 

5 Simplest potential conservation laws: odd order 

Theorem [1] cannot be directly extended to (1 + l)-dimensional linear evolution 
equations of odd order since such equations may possess, additionally to linear, 
quadratic conservation laws. At the same time it is easy to see that a similar state- 
ment can be proved for the case of odd order after restricting to the completely 
linear case. 

Theorem 2. Every linear simplest potential conservation law of any (1 + 1)- 
dimensional linear evolution equation of odd order, which is related to a linear 
potential system, is induced by a local conservation law of the same equation. 

A (l + l)-dimensional linear evolution equation C of odd order may additionally 
possesses two kinds of simplest potential conservation laws: 

• conservation laws of potential systems constructed with conserved vectors 
of C which nontrivially contain terms quadratic in derivatives of u and 

• quadratic conservation laws of simplest linear potential systems. 

Potential conservation laws of the first kind are difficult for investigation. Thus, 
in contrast to the linear case, related potential systems usually have no analogues 
of potential equations. It seems that an only possibility to study conservation 
laws of these systems is the direct application of general methods discussed, e.g., 

in [IH30E3QI]. 

Here we consider only potential conservation laws of the second kind. There 
exists a simple criterion to check whether a potential conservation law of this kind 
is induced by a local conservation law of the initial equation ([I]). 

Theorem 3. Let a = a(t, x) be a nonzero characteristic of a (1 + 1) -dimensional 
linear evolution equation of odd order ([1]) and 

r 

1 = Tw, T = Y,9 k it,x)Dt g r ^0, 

k=0 

be a characteristic of the corresponding modified potential equation (JSJ) . Then the 
conservation law of potential system ([5]), which is associated with j, is induced by 
a local conservation law of (pQ) if and only if the solution tp = 1/a of (|8|) belongs 
to the kernel of operator T, i.e., Tip = 0. 
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Proof. Denote by V the conserved vector of the potential system ([5]), which 
is obtained by the pullback of the canonical conserved vector of the modified 
potential equation (JHJ), associated with the characteristic 7, and the consequent 
transformation v = aw. Analogously to Remark [3] we have 



DivV = 7^ t -^5vj 



i=0 

lb "—1 n— 1 / 

(Tw) ( wt -w + ib a l Ui + i\) <7 1 -DJ; ( w x yw — u 

i=0 i=o ^ ^ 



K i=0 ' ^ i=0 



for some differential function $ of u and u the precise expression for which again is 
not essential. (It is a quadratic function in derivatives of u and v with coefficients 
depending on t and x.) This means that the conserved vector V belongs to the 
conservation law of the potential system (0) with the characteristic A having the 
components 



ibY{ibv) and ^(-D^'^dT^)) 



i=0 

For the characteristic A to be completely reduced we have to exclude the deriva- 
tives V)., k = 1, . . . ,r + n — 1, from it using the differential consequences of the 
equation v x = au. The reduced form of A depends upon the potential v if and 
only if Tib = 0. Therefore the statement to be proved follows from the criterion 
of induction of potential conservation laws by local conservation laws formulated 
in [8] as Proposition 8. ■ 

Example 1. We construct an example starting from the corresponding modified 
potential equation with the known space of quadratic conservation laws. Consider 
the "linear Korteweg-de Vries equation" 

w t = w xxx (10) 

which is identical with its adjoint. It was proved in [15] that the space of its 
quadratic conservation laws is spanned by the conservation laws with the charac- 
teristics T ml w, where T ml = D™(3tDl + x) l D™ and I, m = 0, 1, 2, . . . . 

As the solution ib of the modified potential equation we choose the function 
w = x. The Darboux transformation DT[rc] maps equation (|10p to the "initial" 
equation 

3 3 

u t = u xxx - -^u x + ^« (11) 
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which also is identical with its adjoint. The solution a of the equation ([lip , dual 
to ij), is u = = 1/x. The potential system constructed by the conservation 
law of (jlip with the characteristic a = 1/x has the form 

V x = -, V t = h -9 □ • 

X X x z X J 

We have that T m iip = if and only if m ^ 2. Therefore a complete set 
of independent simplest purely potential conservation laws of the equation (fTT]) . 
which are obtained via introducing the potential with the characteristic a = 1/x, 
is exhausted by the quadratic conservation laws constructed by the pullback of the 
conservations laws of the corresponding modified potential equation (|10|) , having 
the characteristics T m iw, where I = 0, 1, 2, . . . and m = 0, 1. 

6 Conclusions 

In this paper we have studied simplest potential conservation laws of (l+l)-dimen- 
sional linear evolution equations, which are constructed via introducing single po- 
tentials using linear conservation laws. Such conservation laws are quite trivial 
in the case of equations of even order: All simplest potential conservation laws 
of any (1 + l)-dimensional linear evolution equation of even order are induced 
by local conservation laws of the same equation and its space of local conser- 
vation laws is exhausted by linear ones. Similar results concerning equations of 
odd order are more complicated. Although all simplest linear potential conser- 
vation laws of these equations are induced by local ones, it is not the case for 
quadratic conservation laws. We derive an effective criterion which allows us to 
check easily whether a quadratic conservation law of a simplest modified potential 
equation leads to a purely potential conservation law for the initial equation. It 
is true if and only if any characteristic of this conservation law does not vanish 
for the value w = 1/a of the modified potential w, where a is the characteris- 
tic of the linear conservation law of the initial equation used for introducing the 
potential. 

A preliminary analysis shows that all the results obtained in this paper for 
simplest conservation laws could be easily extended to the case of an arbitrary 
number of potentials introduced with linear conservation laws. The first step of 
this investigation should be the construction of the whole linear potential frame 
for the class of (1 + l)-dimensional linear evolution equations of an arbitrary fixed 
order as this was done for order two in [T3]. It is obvious that the linear potential 
frame coincides with the entire potential frame if the order of the equation is even. 

The consideration of nonlinear potential systems constructed for equations of 
odd order with quadratic conservation laws calls for the development of new tools 
which are different from those used for linear potential systems. 

Another possible direction for further investigations close to the subject of this 
paper is the description of potential symmetries of (1 + l)-dimensional linear evo- 
lution equation of arbitrary order, at least those associated with linear potential 
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systems. It seems to us that the approach which was developed in p~l] for the case 
of equations of order two and is based upon the construction of the extended po- 
tential frame and the reduction of the consideration to the study of single modified 
potential equations also has to work for an arbitrary order. 
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